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The packing of sphere has been a subjec of Intervet for many scientists (Sloane

(1064)). Many lnv apI-uanbham sough the daused way to arrange Identical sphere in

space. An asymptotic formula that provides an upper bound for the pkngdensity, wd.

of S'dlmensional spheres In a d~lminlspace as the space* volume approches infinity
Is due to M& Danies and reported In Rog@= (19K8,1064). Bt bs

O r1+ dfI

In addition several investigator have looked Int. the random packing of spheres. Ran.

don sequential packing of spheres has been applied by Banal (1958) to study the strucue

of liquds and since then It has been discussed by othe authors, for example, Hit (1M6),

Solomon (1967) ThnMura (157) and others. Because of anaytical diMculties whten

a 2: 2, one dmensional random senial, packing has riceived attention. at Is an inter-
esting subject in probabilty and has been discussed, by several anthors, for etample, Rdnyi

(1958), Dvetsky and Robblns (104), Solomon (196), and Itoh (196). The one dimn

sional model can be extended to randam sequential packing of cubs. Consider randiom,

seuenal packing af hypercubes of sideleugth 1 Into a large hypurcube of uidelmgth z

with rigid boundaries. It seem to be natural to expec that the limiting density Pd as

x tend&stoninity in aspace of dmensiondequals OdwhereP s the limiting packing

densty for d =L

This conjecture was posed and discussed by Pulastl (1960). as a follow up to Rdnyi's

-inern articleand his results for one dimensional sequential random packing Several

simulations and analyse by Blaisdel and Solamon, (1570,1982) and Ahaa and Novi (157,

157) rdute her conjecture Asymptotic behavior of the random packing densty as the

* dimeinsion tends to Infiity Is af interest but there Is no analytical result for dimensions

highe than one. Computer shoanorns awe difficult and expensive as dimensio ncrmme.

Mers we Introduce two simple modeim simple cubi random packing and radom packing

by Hamming distance, to get some feel for random packing density In higher dimension.



We impave the preious simulation results far cubic random vackf (Btob and Ueda

(198)) by imalug the numbw o m. Ala., we giv uimulon results for random

packing by Hammin distan and dlacms the behavir di packing density whom dbimn

* ~sioaftl is Incrased. Mw the cane of ammin distaces df 2 cr 3, d' its the simulfation

rowults d packing desity wheom d repewset the dirasion and a" in an smirical

constant estimated by the least squares method, see Table 3.

Theuraic f packing dooyislIarWwhm h is m and mallerwham -is

od4 sm 'UbI. 2, whien A kropenuHamn disance.

f&. Sims. cuble rmom sequeam Ad kn

Blab"el and Solomon (196) pme an opedta famula

d -3,4, whkch mmy dizect au atwenio to daekn sity In hidhe dlmwnsona But for

the w assneal situatio discossed by the above antem, it In M=11t to get vaines for

wethan fmu dbnsuoms. hr a simpl zmidm peckingn= Boako and Ueda (106)
pwe packing dommWo up to 11 dlmmslo In, th" mode cadda a cube In 4 dlmnsion
with ulddmgth 4 and a cubic lattici with unit uldelmgth. Cuba at idebmgth 2 arn put

eqm amtR.Y at rndom int the cmbe of sidelaogth 4 so that each vatuc coimcdwe with

mneof the latlcepoints. We couff eutftno piacecanbe foo n the WV=cbe to

place the onafls =&e Ckoider the packing dossity 7,d of diussalon d. Thno dmna

formula by Bl""el and Soiomn (106) fthe resulto for d m3,4, S as we =an easily ms

krm the results by ftoh and Ueda (196). From computer simulia*Iou up to dimension

1:, 7d/u som to approach one (IOh and Ueda (isa)), which may suggest At.z/Pd

of the gemA dd asooqaproacheadtm tonhit sslb TAU

* 3~3. Random sequenti cadin by amming dace

one of the pomssi apll di~ Mf wiacal random is~n ain recogaition theain7

(Dolby and Solomn (197)). To minioise the recognition wor rate for a gie refection
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rate, the folowing decision rule is reasonable, Nf the objects are all equally Mie*y to ocur.

I an arbitrary point In the observation space Is within r distance units of the cqected

value point a(=on (and onl one) of the give objects, Ident the arbitrary point with that

object. Otherwise reject the obsevatio no w distnce Is the usual EvdIdean. distance,

Dolby and Solomocn (1975) composed spherical random pcngdensity with the ratio

between. csting ucoylhcword and possible mooylai orms in Mngmsh Ewe we
simplify the situation and introduce a random sequential coding model

Consider a set of 21d point whoe coordinate are 1 or 0 In a Encildean space of
dimension d. Bucldean. distace Is dedned, betwesen two points of the 2d points. The
square of the Euclidean dfistnce In this case is called the lamming distance In coding

theory. Problms in random coding are discussed by several authors, (Shannon (194),
Abramsn (196) ). Our model may be called random sequential coding. Consider, a

randoam sequential packing Into the e~ points. At list we chos one point (d coodinate.)

at randomn and we record It. Choose another and record it If is Hamming distance is

Z 14 (k < d), otherwise discard it. Now, choose the zed point at random and irecordm it

If the Hamming distance from eac of the 2 points Is not les than 14 otherwise discard it

and choeanother point at random. We continue this procedur until. there in no powible

point to reord among the 0' points and we now have the number of recorded points

X(d, k).

Deine, a packing density by X(4 k)10' and labe Z(X(d, k)/2W') - f4h- Computer

simulations suggest 5a+.kh approaches one as tends to indnit as In the cume of the

sipetcubic random packing. Another Interesting fatct is the variation of the variance of
X(n, k). For keventhe variance is large and for odd kthe variance is sall; for fxed d..

m Table 2.

Our moadel will help to ecamine the coding system arising in nature (as wedl as Baguio.

tic problems). Ibr ccample In the cae of the amino, acid code, 64 words are thArtAY
* possible in the triplet codling system by fou species of nucleotides ILe. 4P. The actual

number of amino adids plus chain terminator In the code Is only 21. The ratio of the

number of elemnts actually used to the number possible in 21/64 = 0.328125L It should

be noted that this value in quite close to 033 the packing value for d -6 and k -2.
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Note that 2 6C A random sequntia packIng model by Doafy ad Sob==o (105)

was applied to this problem by Itoh and HMunw (19M). Bat our r nmde may be
more amenable for this sitution.

14. Packift densft aud ezphmint fwMInul

Fr~om the inequaly for ffaumg baodm, we have

=1 EL 1

for k = 2e + 1, am Us (I=6). Remce I the lImit df 84+.b/h/& aiss it should be =&e

The Hammning uppo bound can be -trkgt =e as follow. Let M(d, k) be the maidmu

possile numbng of code -words in a binar code with wards of lengt d and ini-mm

disanc k, if kfd < I, thus

where p = k/241S = (1/2p(1 - Vr't4),(p) -p% =-4p~ (Wynw (186), Ask (186)).

Consider a regular pacing for k as2. Comd a set of point on the kypea a SL +.

athe et is not Imes than 2.Md Tawypoinothe hplneforoaddm=and do not

talce any poin of the hypapham for ame wLn This makes a regan vva~g of densiy

0.5, which dows nat depend an dimansion The tm d-' At car zaudom packin density

reasonably well for k as2,3, as we sal sm In Table 3,whore a in estimated from the

loqarithmic plot of the simulation result: for 105d:517 by the least square*

method. iPo the case k 2:4 4dP dm. not fit our simulton rNts.

we would lMa to thankc Joe Macal and Ahim Yoshidai for thdr help in pzcpamm in C
the omputeruhto.

Abemaim N. (196) Informatdon theor and codln& McGrax-IM New Tack San
irAndscog Toronto, Landau.
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SIMIe cubic randomn packlnq

dimnson 1 ° 3 4 $ B 9 10 11

mean 0.8348 0.7112 0.6157 0.5481 0.4927 0.4508 0.4212 0.3958 0.3762 0.3631 0.3516

deton - 0.2352 0.2196 0.1790 0.1385 0.1044 0.0"73 0.0543 0.0404 0.0277 0.0178 0.0131If 10000 - 00 00 10000 10000 1000o 3000 500 100 0
A/ 0.8519 0.8657 0.9902 0,8989 0.9150! 0. 934 0.9397! 0.9505 0.9632 0.9683

Table 1

(Te values for the dimnsion 11 are iaproveents over the results by Itoh and Ueda

(1963) achieved by increasing the maber of exm.rients.)
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TABLE 2.

packing
d k mean variance t of trials

3 2 3.493200 0.75629 10,000

4 2 6.203800 2.815747 10,000

s 2 11.060800 6.951967 10.000
3 3.879800 0.225975 10,000

6 2 20.171000 14.521211 10,000
6 3 6.213600 0.704846 10,000
6 4 3.363600 0.867882 10,000

7 2 37.082400 27.182128 10,000
7 3 9.938700 1.191661 10,000
7 4 5.139200 1.673591 10.000

8 2 68.899800 50.970457 10,000
a 3 16.461900 0."5824 10,000
8 4 8.237700 2.544253 10,000

3.810200 0.343610 10.000

9 2 129.102400 98.6563M0 10.000
9 3 28.378700 1•705657 10,000
9 4 13.091700 4.987190 10,000
9 5 4.861000 1.02078. 10.000
9 6 3.288600 0.916602 10,000

10 2 242.240800 168.855301 10,000
. 10 3 49.495400 3.106489 10.000

10 4 21.141000 10.550774 10,000
10 5 7.588200 0.738095 10,000
10 6 4.434000 0.916536 10.000

11 2 457.*204000 310.*400785 1.*000
11 3 87.313000 5.154285 11000

*11 4 34.859000 21.638756 1000
11 5 U.676000 0.6566 1.000
11 6 6.417000 1.654766 11000
11 7 3.782000 0.388865 1.000

' 12 2 867.509000 556.19211 1.000
12 3 155.635000 9.639414 1.000
12 4 58.842000 47.304340 1.000
12 5 18.122000 0.956072 1.000
12 6 9.853000 2.429821 1.000
12 7 3.966000 0.027832 1,000
12 a 3.310000 0.904805 1,000

13 2 1653.710000 959.137273 100
13 3 279.360000 22.394343 100
13 4 96.880000 116.328889 100
13 5 28.770000 1.4"1616 100
13 6 1S.040000 4.70s455 100
13 7 6.060000 0.279192 100
13 8 3.960000 0.079192 100
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Table 2 (continued)

14 2 3155.140000 1373.091313 100
14 3 504.060000 27.872323 100
14 4 170.270000 243.128384 100
14 5 46.490000 2.131212 100
14 6 22.720000 10.203636 100
14 7 9.050000 0.654040 100
14 5.040000 1.048M9 100
14 9 3.660000 0.570101 100

is2 6029.100000 3039.52S253 100

is3918.180000 45.280404 100

is 4 296.880000 471.056162 100

15 5 75.600000 3.474747 100
15 6 35.450000 16.654040 100
15 7 13.810000 0.620101 100
15 8 7 720000 1.880404 100
15 9 4.000000 0.000000 100
15 10 3.200000 0.969697 100

16 2 11565.050000 5824.371212 100
16 3 1675.980000 104.302626 100
16 4 513.730000 1140.300101 100
16 5 124.400000 4.606061 100
16 6 55.270000 31.855657 100
16 7 20.340000 1.297374 100
16 8 11.640000 3.424646 100
16 9 5.300000 1.080808 100
16 10 3.920000 0.155152 100

17 2 22306.100000 14989.211111 10
17 3 3074.400000 291.155556 10
17 4 895.500000 3013.166667 "
17 5 207.600000 5.155556 10
17 6 86.600000 65.600000 10
17 7 29.700 00 1.344444 10
17 8 17.300000 4.011111 10
17 9 7.000000 1.111111 10
17 10 4.200000 0.400000 10
17 11 3.400000 0.933333 10

p9



Table 3 Random pack~ing deasity and d4

k Packicng density 4:'%

S0.43665 0.50333
4 2 0.30773 0.42C52

5 2 .34627 0.36576
612 0.3117 0.32540
7 2 0.28970 0.29142
a 2 0.26913 0.272t9
9 2 0.25215 0.2533L

10 2 0.236560230
11 4 0.22324 0.2234
12 2 0.21179 0.21166
13 2 0.2016 0.20133

2 0.19257 0.19222
5 2 0.18399 0.18411

16 0.17677 0.17683
17 2 0.1701 0.17026

e ------------------- -- - - - - - - - - - -

4 3 0.12500 0.0559
5 3 0.1212/ 0.11764
6 3 0.0970,.3.09406
7 3 0.3776L 0.07675
8 3 0.36430 0.0643 5
9 3 0.05601 0.05509

10 3 0.04833 0.04794
11 3 . 0.0422i

12 3 0.037 99 0.03769
13 3 0.03410 C .015392
14 3 0 *03074W 0.03O76
15 3 0.02802 0.30209
16 3 0.02557 0.32179
17 3 0.32345 0.02381
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